Helmholtz energy of ice VII-X is determined in a pressure regime extending to 450 GPa at 300 K using local basis functions in the form of b splines. The new representation for the equation of state is embedded in a physics-based inverse theory framework of parameter estimation. Selected pressures as a function of volume from 14 prior experimental studies and two theoretical studies constrain the behavior of Helmholtz energy. Separately measured bulk moduli, not used to construct the representation, are accurately replicated below about 20 GPa and above 60 GPa. In the intermediate range of pressure, the experimentally determined moduli are larger and have greater scatter than values predicted using the Helmholtz representation. Although systematic experimental error in the experimental elastic moduli is possible and likely, the alternative hypothesis is a slow relaxation time associated with changes in proton mobility or the ice VII to X transition. A correlation is observed between anomalies in the pressure derivative of the predicted bulk modulus and previously suggested higher-order phase transitions. Improved determinations of elastic properties at high pressure would allow refinement of the current equation of state. More generally, the current method of data assimilation is broadly applicable to other materials in highpressure studies.
Introduction

27
From icy worlds of our solar system to water-rich super-Earth exoplanets, high-pressure water 28 ices are potential planetary constituents that can exist as distinct mineral species. For example, on within the new framework.
48
The current work is also guided by the Stacey et al. [11] comments that "Since almost any analytic Several other potential higher order transitions have been identified. Tetragonal distortion is found favor in successful applications of data representation, although the finite strain metric based 115 on an Eulerian representation (as opposed to Lagrangian) is commonly adopted. The Eulerian finite 
254
In summary, a framework is described to find Helmholtz energy by collocation of 
301
Dashed Line: 4 th -order finite strain, Dash-dot Line: 9 th -order finite strain.
302
(including Coulomb and inductive). In the compressed state, the overlap of electrons creates large 303 short-range repulsive interactions. The large variation of K' values with a maximum just below 304 ambient pressure provides evidence that the underlying potential is more complex than one that can 305 be represented by a global low order series expansion. regularization was varied to find an optimal trade-off between misfit and model smoothness. The
392
tradeoff is illustrated in Figure 3 where the rms average of the Helmholtz energy 4 th derivative is 393 plotted against misfit of the pressure-volume data. As shown in the figure, larger average values of 394 the 4 th derivative allow smaller misfit at the cost of possibly over fitting data. The lower limit of data 395 misfit is controlled by the intrinsic experimental scatter. As greater smoothing is enforced, misfit 396 increases. Three points are marked on the diagram associated with the three levels of misfit reported 397 in Table 3 .
398 
433
Vertical bands in these panels indicate the pressure ranges for the suggested higher-order transitions 434 listed in Table 1 . and that the current analysis can extract higher order derivatives. Anomalies in the bulk modulus (and its derivative) are found to roughly align with proposed higher-order transitions at intermediate pressures. However, in this range, bulk moduli determined using GHz-frequency Brillouin experiments do not match the static determination. The differences between results from different groups leaves open the possibility that systematic experimental errors are large. Alternatively, a relaxation time-constant for the underlying high-order phase transition or for proton mobility may be large compared to the frequencies used in acoustic measurements. The pressure-volume data can resolve variations of the second derivative of the bulk modulus with pressure. However, discontinuities in K" and/or the precise locations of features in the pressure derivative of the bulk modulus are not currently resolvable. Improved high-pressure determinations of derivative properties could provide better constraints for the next-generation representations. More generally, the tools and methodologies developed here can be broadly applied in other high-pressure equation of state studies. Articulation of the necessary background for b splines and for parameter estimation is placed in Appendix A. A small toolbox containing five functions and example scripts written in the MATLAB numerical environment are also provided with Supplementary Materials. MATLAB is convenient in exploration of the ideas presented in this paper. The open source environment OCTAVE is compatible with the provided MATLAB functions and scripts and can be downloaded for no cost. PYTHON and FORTRAN implementations can easily be created.
In the provided MATLAB scripts, the analysis requires four steps: (1) load data, (2) set options, (3) fit data, (4) display results. This provides a straightforward workflow that encourages exploration of how modifications of assumptions provide differences in the resulting equation of state. It is important to try modifications of all adjustable elements in order to explore the parameter sensitivity and quality variations of fits.
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Appendix A: B-Spline and Inverse Method Details Related to Equation of State Representations
A1. B-Spline Basis Functions
Fundamentals of b-splines are covered in detail in de Boor [29] . Here a few points are highlighted in association with the use of b splines in equation of state representations. B splines are piece-wise polynomials of specified order, on intervals defined by the interval bounding knots. In polynomial representations, x 3 is both a third degree and third order polynomial. However, using accepted convention, a k th -order spline is associated with polynomial of degree k-1. To avoid confusion in the following discussion, the spline order is parenthetically followed by explicit articulation of the underlying degree of an associated polynomial. environments. The use of b-spline basis functions requires no more concern on the part of the user 622 than the use of any standard numerical functions (ie. trigonometric or logarithmic functions).
623
However, in order to develop new equations of state, the user needs to know how to create an 624 acceptable knot series for a specific application. The knots (ti) used to construct the spline basis 625 functions must meet several requirements.
(1) The total number of knots must equal k+p.
(2) Each 626 repetition of a knot reduces by one the number of continuous derivatives at the interval boundary.
627
(3) The first and last knot are repeated k-fold times in order for arbitrary data to be fit. Further 628 discussion of how knots are chosen is given below. 
647
A3. Details of B-Spline Knots and Control Points
648
As an example of knots for a (k=4) fourth order (3 rd degree) b-spline on a domain spanning from coefficients, the additional polynomial associated with a second interval requires one additional coefficient since the matching boundary conditions fixes the other three parameters. The sequence [1 with 10 knots having different intervals is [1 1 1 1 2 4 10 10 10 10]. The sequence [1 1 1 1 2 4 4 10 10 10 equilibrium. Pressure becomes negative in the expanded state but tends back to zero for sufficiently large volumes.
functions and parameters would be required (four degrees of freedom for each cubic polynomial).
688
However, matching the function and its first two derivatives at the two internal boundaries reduces 
where ̅ is an initial guess for the model, ̅ are increments to ̅ that reduce data misfit, and ̅ 788 are deviations between data and predictions based on ̅ . Data can be a combination of equation of 789 state measurements including pressures, bulk moduli, or derivatives of the bulk modulus. The array 790 ̿ contains derivatives of the model predictions with respect to model parameters and the array ̿ 791 contains derivatives with respect to model parameters of any regularization quantity to minimize.
792
The least square solution of Equation A11 gives the increments ̅ to ̅ that provide a better 793 representation of data subject to the side constraint. Using an improved model ̅ after each step
794
gives results that usually converge after a few iterations. Non-linear optimization that includes 795 constraints on the pressure derivative of the bulk modulus is implemented in the numerical toolbox 796 included with the Supplemental Materials.
